Abstract-Bistatic radar cross sections are calculated using two modern scattering models: the small slope approximation (both first-and second-order) and the phase perturbation technique. The problem is limited to scalar-wave scattering from two-dimensional, randomly rough Diricblet surfaces with a Gaussian roughness spectrum. Numerical results for the cross sections are compared to those found using the classical Kirchhoff, or physical optics, approximation and perturbation theory. Over a wide range of scattering angles, the new results agree well with the classical results when the latter are considered to be accurate. A comparison between the new results shows that the phase perturbation method gives better results in the backscattering region for correlation lengths greater than approximately one wavelength, while both the first-and secondorder small slope approximations yield greater accuracy in the forward scattering direction at low grazing angles. A significant number of numerical studies for the phase perturbation method for 1-D surfaces have been reported 1131- [16], but few are available for the small slope approximation [17]. Numerical results have not been reported for two-dimensional (2-D), randomly rough surfaces using either method. In this paper, we present a comparison study of the bistatic radar cross section for 2-D randomly rough Dirichlet surfaces satisfying a 2-D, isotropic Gaussian roughness spectrum using both the phase perturbation and first-and second-order small slope approximations. Numerical results are compared with those of the two classical methods. It is found that both new techniques bridge the classical solutions, and both give lower scattering levels than for the equivalent 1-D surface cases. The phase perturbation technique performs better in the backscattering region for correlation lengths greater than approximately one radiation wavelength, while both the first-and second-order small slope approximations yield higher accuracy in the forward scattering direction at low grazing angles. Both the phase perturbation and second-order small slope results agree well with that of fourth-order (in the intensity) perturbation theory for a case when second-order perturbation theory (firstorder in the field) and the Kirchhoff approximation fail.
1. INTRODUCT~ON N the theory of rough surface scattering, the two I most widely used approximate models are the perturbation and Kirchhoff approximations [11-[41. Recent numerical studies of scattering from one-dimensional (1-D) Dirichlet surfaces with both a Gaussian roughness spectrum and a Pierson-Moskowitz spectrum have been useful in illustrating the limitations of these two classical methods [5]-[91. In an effort to expand the regions of validity for the two solutions, new approximate models have been proposed. Among them are the phase perturbation technique [lo] , [ 111 and the small slope approximation [ 
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A significant number of numerical studies for the phase perturbation method for 1-D surfaces have been reported 1131- [16] , but few are available for the small slope approximation [17] . Numerical results have not been reported for two-dimensional (2-D), randomly rough surfaces using either method. In this paper, we present a comparison study of the bistatic radar cross section for 2-D randomly rough Dirichlet surfaces satisfying a 2-D, isotropic Gaussian roughness spectrum using both the phase perturbation and first-and second-order small slope approximations. Numerical results are compared with those of the two classical methods. It is found that both Manuscript received December 27, 1991; revised June 19, 1992. This The authors are with the School of Electrical Engineering and Com-IEEE Log Number 92049 11. work was supported by the Office of Naval Research, Code 11250A.
puter Science, Washington State University, Pullman, WA 99164. new techniques bridge the classical solutions, and both give lower scattering levels than for the equivalent 1-D surface cases. The phase perturbation technique performs better in the backscattering region for correlation lengths greater than approximately one radiation wavelength, while both the first-and second-order small slope approximations yield higher accuracy in the forward scattering direction at low grazing angles. Both the phase perturbation and second-order small slope results agree well with that of fourth-order (in the intensity) perturbation theory for a case when second-order perturbation theory (firstorder in the field) and the Kirchhoff approximation fail.
THE PHASE PERTURBATION TECHNIQUE
In phase perturbation theory, the unknown surface source density excited on the surface by the incident field is written in exponential form, and the complex phase is expanded in a perturbation series in the small roughness parameter kh, where k is the radiation wavenumber and h is the rms surface height. This is similar to the Rytov method for wave propagation in random media [3] . The bistatic radar cross section, as defined in [3, ch. 211 Fig. 1 .
As reported earlier, (1)- (3) do not satisfy reciprocity [141. However, the numerical results presented in Section IV show that, as for the 1-D surface case, this deficiency affects the phase perturbation results only at low grazing angles. 
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where
In (7)- (9), K, is the transverse component of the outgoing
IV. NUMERICAL RESULTS
In this section, numerical results for the bistatic radar cross section (in decibels) are presented for the Dirichlet problem for 2-D surfaces with a 2-D, isotropic Gaussian roughness spectrum. The phase perturbation and small slope approximation results are given separately. number, h is the rms surface height, and I is the correlation length. Case 2 is an example when the Kirchhoff approximation is accurate away from low grazing angles for moderate angles of incidence. In particular, for 1-D surfaces, the Kirchhoff result is accurate in the specular region, but starts degrading when shadowing becomes a factor at low grazing angles [7] . The roughness parameters are kh = 1.29 and kl = 7.31. Finally, Case 3 is an example when neither second-order perturbation theory nor the Kirchhoff approximation is accurate. However, for this case, it has been shown that for 1-D surfaces, the fourth-order perturbation result is accurate to within 1 dB of the integral equation result over all scattered angles. In this last example, the roughness parameters are given by kh = 0.67 and kl = 2.80.
A . Results for the Phase Perturbation Method
The equations for the phase perturbation cross section given by (1)--(3) , together with the Gaussian surface roughness spectrum given by (4), can be simplified by changing variables. In polar coordinates, N2 becomes N2 = ( h 2 / 2 ) ( k , 2 , -K : ) 
where Zo is the modified Bessel function of the first kind. Equation ( .Io ( pk( ( k&I4/4 -r 2 ) +ik,,12r cos cp)'l2)) .
Numerical evaluation of ( 1 1 ) is difficult because it requires integration of a modified Bessel function with a complex argument. The main contribution to NI, comes from the first integral in (11). Finally, the bistatic radar cross section is given by the three-dimensional integral Computations were performed on an IBM 3090 using a combination of QUADPACK and Gauss quadrature routines. The average CPU time used for the 45 data points plotted in each figure was about 2 hours; however, no major effort was made to fully optimize the algorithm. Results and comparisons are given for the three cases described above.
Case I: In Fig. 2 , the phase perturbation result reduces to that of perturbation theory, except at very low grazing angles. This is consistent with the 1-D surface results reported earlier [131. The 2-D surface cross sections (normalized by a factor of 4~) are consistently smaller than their 1-D counterparts (normalized by a factor of 2~) for all results shown. This is reasonable since out-of-plane scattering does not occur in the 1-D surface problem.
Case 2: In this case, the surface is fairly rough, and the Kirchhoff approximation gives accurate results away from grazing angles. Fig. 3 shows that the phase perturbation result agrees with that of the Kirchhoff approximation over a large range of scattered angles. In addition, the result shows that phase perturbation contains some, but not all, shadowing in the forward scattering region where the Kirchhoff approximation, a single-scattering model, overpredicts the scattered energy.
Case 3: The phase perturbation cross section agrees well with that of fourth-order perturbation theory over a wide angular range, from about -60" to + 70", as shown in Fig. 4 . The Kirchhoff and second-order perturbation results are inaccurate.
The examples above indicate that the phase perturbation model not only reduces to the classical solutions FP(2) and KA in the appropriate limits, but it also gives good results for a case when they do not apply. In addition, as reported earlier [ 141, phase perturbation contains some shadowing.
B. Results for the Small Slope Approximation
The equations for the first-and second-order small slope cross sections given by (5)-(9), together with the Gaussian surface roughness spectrum given by (41, can be simplified by changing variables. However, because of their lengthy nature, the equations obtained after the change in variables are not listed here. Computations were performed on an IBM RS-6000 workstation using QUADPACK routines. The average CPU time required for the second-order results for most data points (excluding a fifth-dimensional integral arising from (9)) was about 2.5 hours; however, at low grazing angles and at backscatter, more computation time was needed. When the 5-D integral was included, the calculations took many times as long, each plot requiring approximately two weeks to complete. However, it was found that the contribution this integral was negligible. Results (including the 5-D integral) and comparisons are given for the three cases described above.
Case I: As shown in Fig. 5 , both first-and second-order small slope results reduce to that of second-order perturbation theory (all three lines are coincident), even at low grazing angles, when the roughness parameters are small.
Case 2: In the backscatter region, the first-order small slope approximation underestimates the scattered energy, as shown in Fig. 6 . The second-order result shows much improvement, but still falls short from about -40". In the forward scattering direction, however, both the first-and second-order small slope approximations give accurate predictions where the Kirchhoff approximation is known to give an overestimation.
Case 3: In Fig. 7 , although the first-order small slope approximation still underestimates backscattered energy, the second-order approximation performs very well, and gives excellent agreement with the fourth-order perturbation result, which is accurate for this case.
Results in this section demonstrate that the small slope model bridges the two classical methods. Both first-and second-order small slope approximations give excellent results for all three cases in the forward scattering direction at low grazing angles. Moreover, the second-order small slope approximation prediction is as good as that of the fourth-order perturbation solution for a case when both the Kirchhoff approximation and second-order perturbation theory fail. As indicated earlier, the computation time for the second-order cross section is costly, especially the evaluation of the 5-D integral. However, for all of the cases studied, including ones not shown, the contribution from this integral was negligible. Further approximation can be made by truncation. Keeping 7 0 1 but ignoring 7 1 1 , for instance, results in cross section values less than 1 dB lower in the backscatter region. In fact, for Cases 1 and 3, the difference with and without 711 is negligible. In addition, the code used to calculate the second-order cross section has not been optimized. Finally, it should be noted that calculation of the firstorder small slope cross section is of the same difficulty as calculation of the Kirchhoff approximation result since the difference between the two is simply the difference of a coefficient. In fact, the first-order small slope cross section reduces to that of the Kirchhoff approximation in the specular direction. Not only are the first-order results accurate over all scattering angles in the second-order perturbation regime, but they are accurate in the forward scattering region for all cases studied.
C. Comparison between the Phase Perturbation and Small Slope Models
Case 1: A comparison between Figs. 2 and 5 shows that for the case when second-order perturbation theory is accurate, both the first-and second-order small slope results are better than that of phase perturbation theory at very low grazing angles. Case 2: Figs. 3 and 6 show, however, that for a correlation length greater than about one radiation wavelength, the phase perturbation result is more accurate in the backscattering region. Both first-and second-order small slope results are better at low forward grazing angles.
Case 3: The phase perturbation and second-order small slope results are almost identical over the range -50" to 60°, as shown by Figs. 4 and 7. However, for low to moderately low grazing angles, the small slope result is much better than the phase perturbation result.
V. SUMMARY
In this paper, we have examined numerical results for two modern surface scattering models, the phase perturbation technique and the small slope approximation, for the scalar problem. Bistatic radar cross section results for two-dimensional, Dirichlet surfaces satisfying a Gaussian surface roughness spectrum have been compared with those of the classical Kirchhoff approximation and perturbation theory. Three different examples were studied: one case when second-order perturbation theory (first-order in the field) is accurate, another when the Kirchhoff approximation is accurate away from low grazing angles, and the final case when fourth-order perturbation theory is accurate, while neither the Kirchhoff approximation nor second-order perturbation theory is. The phase perturbation, second-order small slope, and classical results agree well over a wide range of scattering angles for the appropriate case. Both new methods bridge the regions of validity for the two classical FP(2) and KA methods, and both give lower scattering levels than for the equivalent 1-D surface cases. However, a comparison between phase perturbation and small slope results indicates that phase perturbation is more accurate in the backscattering region for correlation lengths larger than approximately one radiation wavelength, while both the first-and second-order small slope approximations demonstrate higher accuracy in the forward scattering region at very low grazing angles.
